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Optimal transfer of an unknown state via a bipartite operation
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A fundamental task in quantum information science is to transfer an unknown state from particle
A to particle B (often in remote space locations) by using a bipartite quantum operation EAB. We
suggest the power of EAB for quantum state transfer (QST) to be the maximal average probability
of QST over the initial states of particle B and the identifications of the state vectors between A
and B. We find the QST power of a bipartite quantum operations satisfies four desired properties
between two d-dimensional Hilbert spaces. When A and B are qubits, the analytical expressions of
the QST power is given. In particular, we obtain the exact results of the QST power for a general
two-qubit unitary transformation.
PACS numbers: 03.67.-a, 03.65.-w
I. INTRODUCTION
A fundamental task in quantum information science
is to transfer an unknown internal quantum state of a
particle from one location A to another location B. A
direct method is to mechanically move the particle from
A to B while keeping the internal state invariant. A
more sophisticated way is quantum state teleportation
[1], where the unknown state is teleported with the aid
of a pair of particles in a Bell state and 2 bits of classical
communications. The third way is to transfer the state
via a two-particle quantum operation EAB , which can
be realized by linking two nodes A and B to a quantum
network, e.g., a quantum wire (a one-dimensional chain
of particles with interactions) [2–4]. Here the node A,
located in A, is the particle with the unknown state to be
transferred, and the node B, located in B, is the particle
as the state receiver.
The aim of Refs. [3–9] is to achieve perfect quantum
state transfer by optimizing the quantum network. In
addition, the capacity of quantum state transfer to char-
acterize the non-locality of a bipartite unitary transfor-
mation is studied in Refs. [10, 11]. Here we will solve an-
other related question: For a given two-particle quantum
operation EAB, what is the maximal average probability
for quantum state transfer? This maximal probability re-
flects the power of quantum state transfer of the bipartite
operation EAB.
The approach we will adopt is similar to that in the
power of entanglement generation for a local unitary gate
[12–14]. Here we want to emphasize that the bipar-
tite quantum operations, including non-unitary gates, are
necessary to be considered for quantum state transfer.
The article is organized as follows. In Sec. II, we in-
troduce the basic formula of the power of quantum state
transfer, and four basic properties for the QST power are
proved. In Sec. III, we give the analytical results of two-
qubit operations. In particular, an exact result of the
QST power for any two-qubit unitary transformation is
given. Finally we present some discussions and a brief
summary.
II. GENERAL RESULTS
A. The power of QST
In this section, we will give a proper quantity to mea-
sure the power of QST for a bipartite quantum operation.
We consider two particles A and B, whose Hilbert
space is HAB = HA ⊗HB with dimHA = dimHB = d.
In other words, particles A and B are two qudits. Initially
particle A is prepared in an unknown state |ψA〉, and par-
ticle B is in some given state |ξB〉. For convenience, we
take |ψA〉 = R|0A〉 with |0A〉 being any given state and
R ∈ SU(d). In general, there are many choices of R for
given |ψA〉 and |0A〉, which does not affect the follow-
ing formulations. After performing a bipartite quantum
operation EAB , we need to estimate to which degree the
unknown state |ψA〉 being transferred to partilce B. This
process of QST is depicted in Fig. 1.
EAB
|ψA〉 |ξB〉
SB |ψB〉
FIG. 1. The process of quantum state transfer using a bipar-
tite quantum operation EAB. We maximize the probability
of QST over particle B’s initial states |ξB〉 and the unitary
transformations SB .
For a given bipartite quantum operations, we may im-
prove the QST by controlling two elements. On one hand,
the QST power of EAB depends on the input state of
particle B |ξB〉. We can improve the QST by preparing
particle B in a suitable initial state. On the other hand,
2notice that if the final state is SB
∣∣ψB〉, where SB is a
unitary transformation on particle B independent of the
unknown state |ψA〉, the unkown state will be regarded
as being perfectly transferred. Different choices of SB
implies different identifications of the bases between HA
and HB. Hence we can improve the QST of EAB by
adjusting SB.
To give a measure to characterize the power of QST for
EAB, we need to optimize over |ξB〉 and SB. Therefore
the QST power for a quantum operation EAB is defined
as
PQST
(
EAB
)
= max
SB ,|ξB〉
∫
dµ (R)P (R; EAB;SB, |ξB〉)
(1)
where
P (R; EAB;SB, |ξB〉) = Tr
(
EABRA
(
PA0 P
B
ξ
)
SBRB(PB0 )
)
(2)
with PA0 = |0
A〉〈0A|, PBξ = |ξ
B〉〈ξB |, PB0 = |0
B〉〈0B|, R
and S are the local quantum operations corresponding to
the unitary transformations R and S, and dµ (R) being
the Haar measure on SU (d). Because the Harr measure
is right-invariant, the power of QST is independent of the
choice of |0〉. Since we have no reasons to give different
probabilities to two sets of states connecting by a unitary
transformation in the average over the unknown states,
the Harr measure is a natural choice for the average.
For a given initial state RA|0〉 ⊗ |ξB〉 and a given
identification between HA and HB specified by SB,
P (R; EAB;SB, |ξB〉 is the probability of QST for the state
R|0〉 by EAB. Further more, the power of QST for EAB
is the maximal average probability for particle B in the
unkown state after the action of EAB.
B. Properties of the QST power
In the above subsection, we give a definition of the QST
power for a bipartite quantum operation, and give its
physical interpretation. Here we will prove that the QST
power PQST
(
EAB
)
has the following desired properties.
Property (i). The QST power is invariant under local
unitary transformations.
Let XA, Y B , UA, V B be local unitary transforma-
tions, and let XA, YB , UA, VB be the corresponding
local quantum operations. Then
PQST
(
XAYBEABUAVB
)
= max
SB ,|ξB〉
∫
dµ(R)P (R;XAYBEABUAVB;SB, |ξB〉)
= max
SB ,|ξB〉
∫
dµ(R)P (UR; EAB ;Y B†SBV B†, V B|ξB〉)
= max
SB ,|ξB〉
∫
dµ(R)P (R; EAB ;SB, |ξB〉)
= PQST
(
EAB
)
, (3)
where we have used Eq. (A2) in the third line of the
above equation.
Property (i) shows the power of a bipartite quantum
operation characterizes its nonlocal property [14].
Property (ii). The range of the QST power is in the
period
[
1
d
, 1
]
, i.e.,
1
d
≤ PQST
(
EAB
)
≤ 1. (4)
This can be proved as follows. Because
PQST
(
EAB
)
= max
SB ,|ξB〉
∫
dµ (R)P (R; EAB;SB, |ξB〉)
≤ max
SB ,|ξB〉
∫
dµ (R) 1 = 1.
In addition, if PQST
(
EAB
)
< 1
d
, then∫
dµ (S)
∫
dµ (R)P (R; EAB;SB, |ξB〉)
≤
∫
dµ (S)PQST
(
EAB
)
<
1
d
.
However,∫
dµ (S)
∫
dµ (R)P (R; EAB;SB, |ξB〉)
=
∫
dµ (R)Tr
(
EAB
(
RAPA0 R
A†PBξ
) IB
d
)
=
∫
dµ (R)
1
d
=
1
d
.
In the second line, we used the lemma (A3). This result
contradicts with the above inequality. Therefore 1
d
≤
PQST
(
EAB
)
.
Notice that the lower bound 1/d is the same as in the
case of transferring a classical discrete variable with d
different states.
Property (iii). The QST power of a local operation
EA ⊗ EB is 1
d
.
PQST
(
EA ⊗ EB
)
= max
SB ,|ξB〉
∫
dµ (R)P (R; EAEB;SB, |ξB〉)
= max
SB ,|ξB〉
∫
dµ (R)Tr
(
EB
(
PBξ
)
SBRBPB0 R
B†SB†
)
= max
|ξB〉
∫
dµ (R)Tr
(
EB
(
PBξ
)
RBPB0 R
B†
)
= max
|ξB〉
Tr
(
EB
(
PBξ
) IB
d
)
=
1
d
.
In the fifth line of the above equation, we use the lemma
(A3).
As expected, a local operation has the lowest power in
transferring an unknown state.
3Property (iv). The QST power of the swapping gate
SWAPAB is 1.
PQST
(
SWAPAB
)
= max
SB ,|ξB〉
∫
dµ (R)P (R;SWAPAB;SB, |ξB〉)
= max
SB ,|ξB〉
∫
dµ (R)Tr
(
RBPB0 R
B†PAξ S
BRBPB0 R
B†SB†
)
= max
SB
∫
dµ (R)Tr
(
RBPB0 R
B†SBRBPB0 R
B†SB†
)
=
∫
dµ (R)Tr
(
RBPB0 R
B†RBPB0 R
B†
)
= 1.
This result is reasonable because the unknown state is
swapped, i.e., perfectly transferred.
III. ANALYTICAL RESULTS OF THE QUBIT
CASE
Since the QST power is defined as an optimization
problem over a state and a unitary transformation in a
d-dimensional Hilbert space, the explicit calculations of
the QST power of EAB when A and B are two qudits,
in general, are complex. In this section, we will give an
analytical result on the QST power for an arbitrary two-
qubit quantum operation EAB, which makes the numeri-
cal calculation of the QST power becomes accessible. In
particular, we further obtain the exact result of the QST
power for any two-qubit unitary transformation.
For the qubit case, let P0 =
I+σz
2 . ∀R ∈ SU(2), we
can find a coordinate frame { ~Rx, ~Ry, ~Rz} to characterize
it. The base vector of the coordinate frame is defined
by RσnR
† = ~Rn · ~σ. Then the component of the bases
vector Rmn =
Tr(RσnR†σm)
2 . The initial state of particle
B PBξ =
IB+~T ·~σB
2 , where
~T is the Bloch vector for the
state |ξB〉.
The QST power of EAB is
PQST
(
EAB
)
=
1
2
+
max
S,T
(∑
l,n
E l0nS
n
l +
∑
l,m,n
E lmnT
mSnl
)
24
,
(5)
where
E l0n = Tr
(
EAB
(
σAl I
B
)
σBn
)
,
E lmn = Tr
(
EAB
(
σAl σ
B
m
)
σBn
)
,
and {Sn} is the basis vectors of the coordinate frame
defined by the unitary transformation S.
To derive Eq. (5), we used the following Harr average
values on SU(2):
〈Rmz 〉 = 0,
〈Rmz R
n
z 〉 =
1
3
δmn,
whose detailed proofs are given in the appendix B.
Let us demonstrate the power of Eq. (5) with cal-
culating the QST power of the CNOT gate. A direct
calculation gives
PQST
(
CNOTAB
)
=
1
2
+
maxS,T (T
xSxz + T
ySyz )
6
=
2
3
.
It is worthy to point out that Eq. (5) can be used
as the foundation for numerical calculations of the QST
power for arbitrary two-qubit quantum operation. For
example, it may find applications in the process of QST
along a quantum wire [3–5].
A. Exact result on QST power for arbitrary
two-qubit unitary transformations
In this subsection, we will apply Eq. (5) to the case
when EAB is a two-qubit unitary transformation. In this
case, the exact result of the QST power will be obtained.
First notice that a general unitary transformation for
two qubits can be written as
UAB = UAUBUABd V
BV A,
where
UABd = e
− i
2
(
∑
m
dmσ
A
m
σB
m)
with |dz | ≤ dy ≤ dx ≤
π
2 [13, 15]. Because the QST
power is invariant under local unitary transformations,
it is sufficient to study the unitary transformation UABd .
Through a complex but direct calculation, we arrives
at
PQST
(
UAB
)
=
1
2
+
maxS,T f
6
,
where
f= sin dy sindzS
x
x + sin dz sin dxS
y
y + sin dx sin dyS
z
z
+cos dyT
y sindxS
z
x + cos dzT
z sin dyS
x
y + cos dxT
x sin dzS
y
z
− cos dzT
z sin dxS
y
x − cos dxT
x sin dyS
z
y − cos dyT
y sin dzS
x
z .
Notice that
f
(
−~Sx,−~Sy, ~Sz,−~T |dz ≤ 0
)
= f
(
~Sx, ~Sy, ~Sz, ~T |dz ≥ 0
)
.
Hence max f (dz) = max f (−dz). Therefore we only
need to study the case when dz ≥ 0.
We obtain the exact result on the maximization of f :
max
S,T
f = sindx + sin dy + sin dx sin dy. (6)
The proof of Eq. (6) can be found in the appendix C.
Therefore the power of a two-qubit unitary transforma-
tion is
PQST
(
UAB
)
=
1
2
+
sindx + sin dy + sin dx sin dy
6
. (7)
4A remarkable feature in the QST power of UAB is that
it is independent of the parameter dz. For the CNOT
gate, dx = π/2 and dy = dz = 0, so its QST power is
2/3, which is the same as calculated above. To make a
perfect QST, we require that dx = dy = π/2. To make
the QST power lowest, we get dx = dy = 0, where U
AB
becomes a local unitary transformation.
IV. DISCUSSIONS AND SUMMARY
In Refs. [10, 11], the nonlocal properties of a bipartite
gate are classified according their capacities in transmit-
ting classical or quantum bits of information. Here we
suggest the QST power to characterize the capacity to
transmit quantum state. In parallel, our method can be
generalized to classical state transfer or quantum state
swapping.
Technically, we prove that the QST power of a local
bipartite quantum operation is 1/d. However we don’t
know whether the QST power of a bipartite quantum
operation is 1/d implies that the bipartite quantum op-
eration is local. In addition, we give a lengthy proof of
the maximization, Eq. (6), in Appendix C. Does there
exist some simpler proof of Eq. (6)?
In summary, we suggest the QST power of a bipartite
quantum operation as the maximal average probability of
QST using the bipartite quantum operation. Four basic
properties of the QST power of a bipartite quantum op-
eration are proved. Then we obtain the analytical result
of the QST power for any two-qubit quantum operation,
which may be used as the foundation for numerical cal-
culations of the QST power. The exact result of the QST
power for arbitrary two-qubit unitary transformation is
obtained. We hope that our work present an alterna-
tive method to characterize the non-locality of a bipartite
quantum operation.
ACKNOWLEDGMENTS
We thank S.L. Luo, Z.W. Zhou, and C.P. Sun for help-
ful discussions. This work is supported by NSF of China
(Grant Nos. 10975181 and 11175247) and NKBRSF of
China (Grant No. 2012CB922104).
Appendix A: Harr measure
Notice that the Harr measure satisfies two useful prop-
erties [16]:
i) It is normalized.
∫
dµ(R)1 = 1. (A1)
ii) It is left-invariant and right-invariant. ∀S ∈ SU(d),∫
dµ(R)f(R) =
∫
dµ(R)f(SR) =
∫
dµ(R)f(RS).
(A2)
Lemma 1. ∀|0〉 ∈ H and R ∈ SU(d), we have∫
dµ(R)RP0R
† =
I
d
. (A3)
This can be proved as follows. Firstly we take a
complete normal orthogonal bases of H, denoted as
{|n〉, n ∈ {0, 1, · · · , d − 1}}. Because ∀n there exists
a unitary transformation Sn such that |n〉 = Sn|0〉, Eq.
(A2) gives
∫
dµ(R)RPnR
† =
∫
dµ(R)RP0R
†. Therefore∫
dµ(R)RP0R
† =
∫
dµ(R)R
∑
n
Pn
d
R† = I
d
.
Appendix B: Harr average on SU(2)
Proposition 1. ∀m,n ∈ {x, y, z}, we have
〈Rmz 〉 = 0,
〈Rmz R
n
z 〉 =
1
3
δmn.
We can prove the above result by a direct calculation.
Here we present an alternative approach as follows.
∀m ∈ {x, y, z}, ∃n 6= m,
〈Rmz 〉 =
∫
dµ (R)
Tr
(
RσzR
†σm
)
2
=
∫
dµ (R)
Tr
(
σnRσzR
†σ†nσm
)
2
= −
∫
dµ (R)
Tr
(
RσzR
†σm
)
2
= −〈Rmz 〉 .
Therefore 〈Rmz 〉 = 0.
When m 6= n,
〈Rmz R
n
z 〉 =
∫
dµ (R)
Tr
(
RAσAz R
A†σAmR
BσBz R
B†σBn
)
4
=
∫
dµ (R)
Tr
(
σAmR
AσAz R
A†σA†m σ
A
mσ
B
mR
BσBz R
B†σB†m σ
B†
n
)
4
= −
∫
dµ (R)
Tr
(
RAσAz R
A†σAmR
BσBz R
B†σBn
)
4
= −〈Rmz R
n
z 〉 .
Hence, 〈Rmz R
n
z 〉 = 0 if m 6= n.
When m 6= n, ∃ a unitary transformation H , such that
H†σmH = σn. Hence
〈Rmz R
m
z 〉 =
∫
dµ (R)
Tr
(
RAσAz R
A†σAmR
BσBz R
B†σBm
)
4
=
∫
dµ (R)
Tr
(
HARAσAz R
A†HA†σAmH
BRBσBz R
B†HB†σB†m
)
4
=
∫
dµ (R)
Tr
(
RAσAz R
A†σAnR
BσBz R
B†σBn
)
4
= 〈RnzR
n
z 〉 .
5Because
∑
m (R
m
z )
2
= 1, we have 〈Rmz R
m
z 〉 =
1
3 .
Appendix C: Maximization of the function f
In this appendix, we will prove Eq. (6). First, we
divide f into two parts:
f = f1 + f2,
where
f1 = sin dy sin dzS
x
x + sin dz sin dxS
y
y + sin dx sin dyS
z
z ,
f2 = λa+ µb+ γc+ ηg + νp+ ξq
with λ = T zSyx , µ = −T
zSxy , γ = −T
ySzx, η =
T ySxz , ν = T
xSzy , ξ = −T
xSyz , and a = cos dz sin dx,
b = cos dz sin dy, c = cos dy sin dx, g = cos dy sin dz,
p = cos dx sin dy, q = cos dx sindz .
Because ~T is a unit vector, and {~Sx, ~Sy, ~Sz} is a right-
handed coordinate frame, they are parameterized as fol-
lows.
T x = sinα cosβ, (C1)
T y = sinα sinβ, (C2)
T z = cosα, (C3)
Sxx = (sin
2 φ+ cos2 θ cos2 φ) cosω + cos2 φ sin2 θ,(C4)
Syx = cosφ sinφ+ cos θ sinω − cosφ cos
2 θ sinφ
− cosω cosφ sinφ+ cosω cosφ cos2 θ sinφ,(C5)
Szx = sin θ(cosφ cos θ(1 − cosω)− sinω sinφ), (C6)
Sxy = cosφ sinφ− cos θ sinω − cosφ cos
2 θ sinφ
− cosω cosφ sinφ+ cosω cosφ cos2 θ sinφ,(C7)
Syy = (cos
2 φ+ cos2 θ sin2 φ) cosω + sin2 θ sin2 φ,(C8)
Szy = sin θ(cosφ sinω + (1 − cosω) cos θ sinφ), (C9)
Sxz = sin θ(sinω sinφ+ (1− cosω) cosφ cos θ), (C10)
Syz = sin θ((1− cosω) cos θ sinφ− cosφ sinω), (C11)
Szz = cos
2 θ + cosω sin2 θ, (C12)
where 0 ≤ α, θ, ω ≤ π, 0 ≤ β, φ ≤ 2π.
1. Analysis of f1
Using Eq.(C4), Eq.(C8), Eq.(C12), we can rewrite f1
as
f1 = sin dy sindzS
x
x + sin dz sin dxS
y
y + sindx sin dyS
z
z
= (1− cosω)M cos2 θ + sin dx sin dy cosω
+sindy sin dz
(
cos2 φ+ cosω sin2 φ
)
+sindx sin dz
(
sin2 φ+ cosω cos2 φ
)
.
Because
M = sin dx sin dy − sin dy sin dz cos
2 φ− sin dx sin dz sin
2 φ
≥ sin dx sin dy − sin dy sin dz cos
2 φ− sin dx sin dz sin
2 φ
≥ sin dx sin dy
(
1− cos2 φ− sin2 φ
)
= 0
and 1− cosω ≥ 0,
f1 ≤ f1 (θ = 0, φ, ω) = f1 (θ = π, φ, ω)
= sindx sin dy + cosω (sin dx + sindy) sindz
≡ f1max.
2. Analysis of f2
From 0 ≤ dz ≤ dy ≤ dx ≤
π
2 , we can get the inequality:
a ≥
{
b
c
}
≥
{
g
p
}
≥ q.
We also have the relations
λ+ µ+ γ + η + ν + ξ
= −2 (cosα cos θ + cos[β − φ] sinα sin θ) sinω
= −2
√
cos2 θ + cos2[β − φ] sin2 θ sin (α+ ϕ) sinω
≤ 2
(√
1 + (cos2[β − φ]− 1) sin2[θ]
)
sinω
≤ 2 sinω (C13)
≤ 2,
where tanϕ = 1cos(β−φ) tan(θ) . The equality holds when
β = φ, α − θ = ±π, ω = π2 or β − φ = ±π, α + θ = π,
ω = π2 .
λ+ µ+ γ + η
= 2(cosα cos θ + sinα sinβ sin θ sinφ) sinω
≤ 2 sinω (C14)
≤ 2,
λ+ γ = T zSyx − T
ySzx =
(
~Sx × ~T
)
x
≤ 1, (C15)
ν + µ = T xSzy − T
zSxy =
(
~Sy × ~T
)
y
≤ 1, (C16)
Proposition 2. f2 ≤ a+ b.
To see this, we consider
a+ b− f2 = a+ b− (λa+ µb+ γc+ ηg + νp+ ξq)
1) If −ηg − ξq ≥ 0,
a+ b− f2
= (1− λ) a+ (1− µ) b− γc− νp− ηg − ξq
≥ (1− λ− γ) c+ (1− µ− ν) p− ηg − ξq
≥ 0;
2) if −ηg − ξq ≤ 0,
−ηg − ξq ≤ 0
⇔ (−η cos dy − ξ cos dx) sindz ≤ 0
⇔ (−η cos dy − ξ cos dx) sindy ≤ (−η cos dy − ξ cos dx) sindz
⇔ −ηh− ξp ≤ −ηg − ξq
6where h = cos dy sindy.
We also have the relation:
a ≥
{
b
c
}
≥ h ≥ p ≥ 0.
So we get
a+ b− f2
= (1− λ) a+ (1− µ) b− γc− νp− ηg − ξq
≥ (1− λ− γ) c+ (1− µ) b− νp− ηh− ξp
≥ (2− λ− γ − µ− η)h− νp− ξp
≥ (2− λ− γ − µ− η − ν − ξ) p
≥ 0.
Therefore we conclude from above that a+ b ≥ f2, where
the equality is satisfied iff θ = 0, π, α = π, ω = π2 (that
is T z = −1).
Let f ′ = f1max + f2 ≥ f . Because f1max(ω1) <
f1max (ω2) when 0 ≤ ω2 < ω1 ≤ π, and f2 ≤
f
(
θ = 0, π ω = π2
)
, we can get the conclusion that f ar-
rives at its maximum in the domain 0 ≤ ω ≤ π/2.
Proposition 3. f2 ≤ (a+ b) sinω, when 0 ≤ ω ≤
π
2 .
From Eq.(C13) and Eq.(C14), we have the inequality:
λ+ µ+ γ + η + ν + ξ ≤ 2 sinω, if 0 ≤ ω ≤
π
2
and
λ+ µ+ γ + η ≤ 2 sinω, if 0 ≤ ω ≤
π
2
.
Also we have the relations:
η + ξ = T ySxz − T
xSyz
= 2 sin
ω
2
sinα sin θ
[
cos
ω
2
cos (φ− β)− sin
ω
2
cos θ sin (φ− β)
]
≤ 2 sin
ω
2
sin θ
√
cos2
ω
2
+ sin2
ω
2
cos2 θ
= 2 sin
ω
2
√
−
(
sin
ω
2
sin2 θ −
1
2 sin ω2
)2
+
(
1
2 sin ω2
)2
Then if sin2 θ = 1
2 sin2 ω
2
≤ 1, then η+ξ ≤ 1. If sin2 ω2 ≤
1
2 ,
i.e., ω ≤ π2 , then η + ξ ≤ sinω.
Similarly, when 0 ≤ ω ≤ π2 , we have
λ+ γ ≤ sinω,
ν + µ ≤ sinω,
Therefore we can prove this proposition using the
method used in the proof of proposition (2) just replacing
1 and 2 with sinω and 2 sinω respectively.
3. Conclusion
Therefore
f ≤ f ′ ≤ f1max + (a+ b) sinω
= sin dx sindy + (sin dx + sin dy) sin (ω + dz)
≤ sin dx sindy + sin dx + sin dy,
the equality holds when α = kπ, θ = (k + 1)π, and ω =
π
2 − dz .
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